We study the locus of genus 3 curves with prescribed automorphism group G, and inclusion relations between such loci. We supply a normal form for the curves in each locus, and generators for G. Furthermore, we determine the action of G on the Weierstrass points of the curve.
Introduction
We use the term "curve" to mean compact Riemann surface. There is a vast literature on automorphism groups of curves (see the survey in [12] ). In particular there are a lot of papers classifying all these groups in genus 3, 4 and 5. For genus 3, for each group, equations for the corresponding curves have been found in several papers by Kuribayashi and various co-authors (see [6] , [7] , [8] , [9] ). A short and corrected account of that is given in [12] , section 6. Here we reorganize this information in the nonhyperelliptic case so that the inclusion relations between the various Hurwitz loci are reflected in the equations. Furthermore, we supply explicit generators for the automorphism group G, and determine its action on the Weierstrass points.
The paper [12] replaces the ad hoc methods of the previous papers by the systematic use of group theory via Riemann's Existence Theorem. The latter implies that a finite group G acts on a genus g curve if and only if it has a genus g generating system (see [12] , section 5 equation 8). Two such generating systems correspond to an equivalent group action if and only if they are in the same mapping class group orbit (respectively braid orbit in the case of orbit genus 0). See [12] , [13] and [15] . This group theoretic setup also yields the information in Table 3 which displays the inclusion relations between all Hurwitz loci in M 3 . Here M 3 is the moduli space of genus 3 curves. A Hurwitz locus in M 3 is an irreducible component of the closure of the locus of curves with prescribed automorphism group. The locus of curves in M 3 with nontrivial automorphisms is a closed subvariety of M 3 which has three irreducible components. One component is the hyperelliptic locus (of dimension 5). The other two components are the nonhyperelliptic Hurwitz loci corresponding to C 2 and C 3 . They can be described in other words as the locus of genus 3 curves which are double covers of elliptic curves (with dimension 4), and the locus of curves that admit a Galois cover to P 1 . These are the Hurwitz loci. From now on, X 3 denotes a curve of genus 3. The group Aut(X 3 ) is the group of analytic (equivalently algebraic) automorphisms of X 3 . We say a group G acts on X 3 if there exists a homomorphism from G to Aut(X 3 ).
We expand on the information in Section 6 of [12] which was derived from group-theoretic data computed by the BRAID program [13] . All groups occurring as Aut(X 3 ) together with the corresponding signature and orbit genus are given in Tables 1, 2 and 3 of [12] . Furthermore, equations for the respective curves X 3 are given. The hyperelliptic case is very easy and we do not add anything here. For some of the other cases, we supply new equations that reflect the inclusion relations between the corresponding Hurwitz loci; i.e. if one Hurwitz locus is contained in another one, then the corresponding equation is obtained by specializing some of the parameters in the equation for the larger Hurwitz locus.
Our results are presented in Tables 1 and 2 . For each group G occurring as Aut(X 3 ) for non-hyperelliptic X 3 we supply the above mentioned information on the corresponding curves X 3 . Recall that the signature of a G-action on X 3 is the collection of numbers |G| |B| , where B runs over all the non-regular orbits of G on X 3 . Furthermore, the stabilizer in G of each point of X 3 is cyclic. The equations for the curves depend on certain independent complex parameters a 1 , a 2 , . . . , a 7 , and the given data holds true for general values of these parameters. For certain special values of the parameters the curves may become singular or hyperelliptic, and the automorphism group becomes larger.
Group Action on Weierstrass Points
A genus 3 curve X 3 is either hyperelliptic or it is a non-singular plane quartic. In the hyperelliptic case X 3 has exactly 8 Weierstrass points which are the ramification points of the canonical map X 3 → P 1 . The action of Aut(X 3 ) on the Weierstrass points can be easily deduced from Table 3 of [12] . From now on X 3 is a non-singular plane quartic. Its Weierstrass points are the inflection points. The weight of a Weierstrass point is the same as the multiplicity of the inflection point which is either 1 or 2. The weighted number of inflection points is 24. This and the facts collected in the following remark can be found in Chapter 2 of [1] .
Remark 1: The inflection points are the intersection points of X 3 with its Hessian. The tangent to X 3 at the inflection point hits X 3 in N further points, where N = 2 (respectively 1) if the weight of the inflection point is 1 (respectively 2). This way the inflection points and their weights can be computed effectively from the equation of the curve.
The groups G occurring as Aut(X 3 ) are denoted in [12] by their group ID from the GAP library of small groups. Here we use the following shorter notation: C n , S n , D 2n , V 4 denotes the cyclic group of order n, the symmetric group on n letters, the dihedral group of order 2n, and the Klein-4 group respectively. Also, L 3 (2) (= P GL 3 (2)) is the simple group of order 168. We show how to derive the information on the Weierstrass points given in Tables 1 and 2 .
When G = L 3 (2) or C 2 4 .S 3 , then G has only one orbit of length ≤ 24 on X 3 . Therefore this orbit has to consist of all Weierstrass points. For G = L 3 (2) they form one orbit of length 24 with a stabilizer of order 7 and they all have weight 1. For G = C 2 4 .S 3 the Weierstrass points have weight 2 and form one orbit of length 12 with stabilizer of order 8.
From Table 3 we see that the L 3 (2)-locus (a single point) is contained in each of the loci with groups S 4 , D 8 , S 3 , V 4 , C 2 . Therefore the general X 3 in each of these loci has 24 distinct Weierstrass points of weight one. No element of order 2 or 3 in L 3 (2) fixes a Weierstrass point of the corresponding X 3 , therefore the same holds for the general curve in the loci listed above. Therefore for all X 3 in these loci, the Weierstrass points have weight 1 and consist of regular orbits. This settles the corresponding entries of Table 1 .
The specialization a 1 = 3 in the equation for the S 4 -locus yields the only curve of genus 3, apart from the Fermat Curve, possessing exactly 12 Weierstrass points (see [5] ). Furthermore, we compute by Maple [11] the Hessian h(x, y, z) of the C 9 -equation f (x, y, z). Since the Weierstrass points are the intersection of the Hessian with X 3 , we set z = 1 and consider the system of equations h(x, y, 1) = 0 and f (x, y, 1) = 0. The resultant with respect to x of these two polynomials is a polynomial in y that has degree 18 and has nonzero discriminant. Thus the X 3 in the C 9 -locus has 18 distinct Weierstrass points in addition to the 5 fixed points of the C 3 -subgroup. Thus the Weierstrass points consist of 2 regular orbits with points of weight 1, plus the above 5 fixed points of C 3 . Now consider X 3 in the C 3 -locus. By specialization to the C 9 -locus we see that X 3 has 22 Weierstrass points of weight 1. This settles the C 3 case. The 48-group occurs also in Table 1 , and so has already been dealt with.
Finally, we consider X 3 in the C 6 -locus. The nonregular orbits consist of one fixed point and three additional orbits of length 3, 2, 2 with stabilizing subgroups of order 2, 3, 3 respectively. Now C 6 has only one subgroup of order 3 so C 3 fixes all points in the 2-orbits. Thus we obtain the 5 fixed (Weierstrass) points of C 3 whose weights we computed above. By specialization to the 48-locus we see that X 3 has at least 16 distinct Weierstrass points of weight 1. Thus in addition to the 5 fixed points of C 3 , the Weierstrass points must consist of either 3 regular orbits with points of weight 1, or 2 regular orbits with points of weight 1 and the 3-orbit with points of weight 2. To determine which, we compute the fixed points on X 3 of the involution N in C 6 . They are the points (1, y i , 2), 1 ≤ i ≤ 3, where the y i are the roots of the equation
. We find, using Maple [11] , that for t = 2 , the Hessian of X 3 is not 0 at these points. Thus for these values of t the Weierstrass points are a union of 3 regular orbits with points of weight 1, and the five fixed points of C 3 .
Equations and Group Generators
We take G ≤ PGL 3 (C). Note that if f is an irreducible homogeneous polynomial, then an element of PGL 3 (C) induces an automorphism of the curve f (x, y, z) = 0 if and only if the corresponding linear substitution turns f into a scalar multiple of itself. The group GL 3 (C) acts on such polynomials in the following way: A ∈ GL 3 (C) maps f (x, y, z) to f ((x, y, z)A T ). From now on let f denote a nonsingular quartic fixed by G up to scalar multiples. Note that every automorphism of the genus 3 curve f = 0 is induced by an element of PGL 3 (C) (because the curve is given in its canonical embedding).
In Tables 1 and 2 , we denote the diagonal matrix with diagonal entries
3.1. Table 1 G = C 2 : We may assume G =< ∆(1, −1, −1) >. Thus f contains only even powers of x. (The other possibility is that f contains only odd powers of x but this would contradict irreducibility of f .) Let a 1 , b and a 2 be the coefficients of x 2 y 2 , x 2 yz, and x 2 z 2 in the equation for f . Then via the substitution y → y − bz 2a1 we ensure that f contains no yz term. Thus we obtain the equation in Table 1 . 
Klein Curve S 4 -equation and
a(x 4 + y 4 + z 4 )+ b(x 2 y 2 + x 2 z 2 + y 2 z 2 )+ c(x 2 yz + y 2 xz + z 2 xy) = 0 Remark 3: (Singularities of the Hurwitz loci) Suppose H ≤ G. Then every G-action on X 3 induces an H-action by restriction. This yields an inclusion of the two corresponding Hurwitz loci. If H is another subgroup of G, then the corresponding Hurwitz loci H and H contain the Hurwitz locus G corresponding to G in their intersection. Now assume H and H are not conjugate in G but nevertheless H = H . In that case H is singular at the subvariety G because the two branches of H corresponding to H and H come together at G.
The C 2 locus is 4-dimensional and it is singular at various of the subloci by Remark 3. This explains why we need 7 parameters to describe it.
The equations are as in [12] . It can be checked by GAP that the given generators for G leave the equation invariant and generate a group of the correct order. which distinguishes the Klein curve among the above S 4 -equations was found by Elkies, see [2] . He also computed the generators that we display in Table 1 . G = 16, 48: For the groups of order 16 and 48, we gave new equations which show the inclusion of the corresponding loci in the D 8 -locus. Again, it can be checked by GAP that the given generators generate a group of the correct order and leave the equation invariant. G = S 3 : The S 3 case could not be fitted nicely into our tree of specializations, and so we just took the equation from [12] .
Table 2
For G = C 3 and G = C 6 we took the equations from [12] . For G = C 9 and G = 48 we again computed the respective specializations of s and t. Thus we have provided two equations for the 48-locus: the equation in Table 1 reflects the containment of the 48-locus in the C 2 locus and the equation in Table 2 reflects the containment of the 48-locus in the C 3 locus. The result can be checked as before by verification of the group order. 
